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NOMENCLATURE AND SYMBOLS

A state gain matrix or attitude direction cosine matrix or panel area, depends on context
a attitude control gain

aero aerodynamic

B input gain matrix

C, aerodynamic drag coefficient

cm center of mass

cpi center of pressure for the ith facet

d drag

¢ base of natural logarithm

F force

f(x. 1) mathematical function of state vector and time
G gravitational constant

gg gravity gradient

grav gravity

H height of spacecraft

! moment of inertia matrix

i integer variable

K feedback gain matrix

k loop gain

L length of spacecraft

m mass

n integer variable

n unit vector normal to surface

R orbit radius

R orbit radius vector

Tem center of mass location vector

T cpi center of pressure location vector for the ith facet

unit vector in direction of orbit radius
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sat

gl

el

NOMENCLATURE AND SYMBOLS (Continued)

satellite

torque

time

column matrix collection of all subsystem input vectors

subsystem input vector

orbit velocity

orbit velocity vector

unit vector in direction of orbit velocity

width of spacecraft

coordinate system axis or system-level state vector, depends on context
time derivative of system-level state vector

coordinate system axis or subsystem state vector, depends on context
time derivative of subsystem state vector

coordinate system axis or system-level output vector, depends on context
coordinate system axis or subsystem output vector, depends on context
time derivative of system-level output vector

time derivative of subsystem output vector

second time derivative of subsystem output vector

initial value of v(r)

axis of coordinate system

atmospheric density

attitude angle

attitude rate

body rate

angular velocity vector

angular velocity vector
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TECHNICAL PUBLICATION

SYSTEM SIMULATION BY RECURSIVE FEEDBACK: COUPLING A SET
OF STAND-ALONE SUBSYSTEM SIMULATIONS

1. INTRODUCTION

In design and development of space systems, digital dynamic simulations have potential to reduce
physical testing requirements, increase confidence in systems that cannot be tested, and ensure that sub-
system requirements are not more stringent than necessary. However, simulations that address interactions
of multiple disciplines and subsystems can be difficult to build. Knowledge and expertise required at the
physics level, especially for high-fidelity developments, do not normally reside within one person or orga-
nization for more than one discipline or subsystem. Simulations involving individual disciplines or sub-
systems usually exist or can be readily constructed, and system engineers often understand the qualitative
nature of interactions among them; but a means of obtaining quantitative-coupled system-level results is
often unavailable. Therefore, specific practical approaches to construction of high-fidelity system-level
simulations are being developed from numerous perspectives across the engineering community.

Digital dynamic simulations are often built by deriving or constructing differential-algebraic equa-
tions that define the system model and implementing algorithms to solve those equations numerically, as a
single coupled set, using one of several standard or modified numerical integration methods. In some
cases, software is written in a language such as FORTRAN or C to define the equations, and an existing or
slightly modified ordinary differential equation (ODE) solver, perhaps a Runge-Kutta implementation, is
employed to perform the integration. In other cases, an in-house development such as Marshall System for
Aerospace Simulation (MARSYAS) or a commercial off-the-shelf product such as MATLAB®/SIMULINK®
is used to act as a higher level facilitator of what is ultimately a mathematically similar approach.

System-level digital solution of coupled “stand-alone” dynamical simulations is a fundamentally
different approach to system simulation, and fundamentally different numerical procedures are required.
Recursive feedback is a conceptual method from which a family of appropriate algorithms, processes, and
specific numerical procedures can be derived.

Coupled-subsystem-simulation architecture provides near complete independence of stand-alone
subsimulations and naturally facilitates high fidelity and broad scope through collaboration across inter-
faces that can be implemented in the same physical and engineering terms that define them in the real
system. Such simplicity promotes clarity of communication and ease of understanding. both of which have
many positive benefits. Individual subsimulations can potentially be implemented on separate, remote, and
dissimilar computational platforms, and this portends numerous advantages and possibilities as computer
network capabilities improve.



2. RECURSIVE FEEDBACK ALGORITHM

2.1 Background

Brief discussions of high-fidelity, multidiscipline simulation are set forth in references 1 and 2.
which resulted from association with the Structures and Dynamics Laboratory High-Fidelity Multidiscipline
Simulation Development team. Reference | attempts to illustrate the long-term goal of multidiscipline
simulation by example, while reference 2 presents the goal in a more generalized way. Reference 3 docu-
ments development of an earlier FORTRAN general purpose dynamical simulation tool (ANASIM) that
uses recursive feedback as the system solution algorithm. This tool allows one to construct a simulation by
choosing system elements from a menu and specifying connections (signal flow) among them. The ele-
ments (integrators, summers, limiters, etc.) are, in effect, small stand-alone subsimulations. A definition
and explanation of the method is presented, and an analytical demonstration of response computation for a
first-order. single-state, constant-coefficient system with a step input is included. The demonstration, or
mathematical ““show that,” is accomplished through symbolic algebraic application of the algorithm fol-
lowed by direct comparison of results with the exact closed-form solution.

In reference 4, the method is analytically demonstrated for some simple examples within a variety
of system classes. The first is the n-dimensional linear constant-coefficient case defined by the matrix
vector equation v(f) = Ax(¢) + Bu(t), which is a standard state-variable form. The remaining four are sca-
lar (single state) cases that include two nonlinear, continuous cases; a linear time-varying coefficient case;
and a numerically demonstrated case involving a state-dependent discontinuity and an algebraic loop. The
analyses of reference 4 provide additional mathematical insights into the process, particularly with respect
to convergence.

Analysis of the method is extended to coupling of stand-alone subsystems in references 5 and 6.
Reference 5 mathematically defines and analytically demonstrates recursive feedback for generation of
responses from a generic linear-dynamic system composed of internally inaccessible subsystems, and ref-
erence 6 continues beyond to include subsystems that have potential to produce algebraic loops at the
system level because they contain direct feed-through of input.

References 5 and 6 specifically address process convergence and essentially guarantee that recur-
sive feedback can be used as a system-level solution algorithm for simulation of linear systems composed
of coupled stand-alone subsystems for a broad range of ordinary circumstances. Combined with the analy-
ses of reference 4 and experience associated with ANASIM (ref. 3), it seems reasonable to expect that the
method can be dependably applied to nonlinear system simulation. Only experience, and perhaps more
analysis, will determine the effectiveness of extrapolation to these supposedly more stringent conditions.

S



2.2 Concept

Referring to figure 1, the subsystems are represented by independent, self-contained, time-domain,
dynamical simulations that can be commanded to run from a given set of initial conditions over a predeter-
mined segment of time when provided with input signals as functions of time over that interval. In general,
the time segment, also referred to as a convergence interval, is short compared with the total desired system
simulation duration, but may be significantly larger than the integration step size associated with a typical
subsimulation. For each new stage of recursion, subsystem input signals are computed using original
system-level input signals summed with system-level feedback (coupling) signals generated at the
current stage. New (next recursion stage) subsystem responses are computed using new subsystem
input signals in conjunction with the same (original) initial conditions. The process continues recursively
until convergence is achieved. After convergence, initial conditions are replaced with final conditions and
the process is restarted for the next segment of time. System response over the total desired duration of the
simulation is the concatenated set of combined subsystem responses over many time segments.

Subsystem Inputs Subsystem Responses

up () yi(t)
First Subsystem

us(t t
2(0 Second Subsystem Yz ()
Vi) + u . Y (1)
. > . —-
System [nput + * System Response
u; (1) yi (1)

ith Subsystem

Feedback Signal Data .
(Current Recursion Stage) .

|
I up () ¥n (1)
I nth Subsystem

Feedback Signal Data
(Future Recursion Stage)

T Feedback K
Coupling Matrix [®

Figure 1. Schematic of recursive feedback process.



2.3 Insights for Specific Design

Because figure | describes a system of considerable generality whose complexity for a specific
case can range from simple to great, further clarification of the process seems appropriate. The simplest
“system” could arguably be a single integrator in the forward path, a constant multiplier (gain) in the
backward (feedback) path, no (zero) system-level input, and a nonzero initial condition on the output. In
that case, there is one linear subsystem, and that subsystem is a single integrator. The output function is the
integral of the subsystem-level input function with respect to time, and can be generated independently and
directly by simply computing the area under the input curve over the time interval of interest (convergence
interval) and adding the initial condition. The coupling matrix becomes a scalar (value of the loop gain),
and actually represents direct feedback rather than coupling. The process, however, does not explicitly
make such a distinction, nor does it need to. The summing junction becomes moot since there is no system-
level input. The recursive transfer point remains as depicted in figure I, but does not exist in the analog
system to be digitally simulated. The scalar differential equation that models the analog system is
() = kv(r) . where 1 is time and & is the loop gain, and the exact closed-form solution for the output
response is given by the exponential function

v(ry=v(0)[e"] , (1)
where ¥(0) represents the initial value of the output v(r).

Applying recursive feedback to this system, the output is first computed as a function of time over
the convergence interval as if there were no (zero) feedback. This function is referred to as the stage zero
output response. Because the system input function is also zero in this case. the response is a constant
function of time symbolically represented by

Y= y0) | (2)

where the parenthesized superscript is the stage index. Next, the stage zero feedback function is computed
by multiplying the stage zero output response function by the loop gain k. After “moving” the feedback
function data across the recursive transfer point and summing it with the system-level input function (zero),
it becomes the stage one subsystem input function. Stage one response can now be computed by numerical
integration (area under the curve) of the new (stage one) input function while applying the original initial
condition y(0). A symbolic representation of the result is

(1) = y(O)[1 + k1] . (3)

Repeating the process. symbolic representation of the stage two result is

¥y = y0)[l +kr+%’f—)h] . 4)



By induction, the nth stage response is given by

_\"”‘(r)zy(O){l+kr+(g—? +---+£i—? } : (5)

Clearly, if sufficiently continued, the recursive process yields a solution that approaches the exact
solution y(¢) = ¥(0)[¢*"]. In theory, the time interval (convergence interval) for this case can be as long as
desired; in practice, it must be restricted because of numerical integration and roundoff errors. As men-
tioned earlier, system response over the problem duration is represented by a concatenation of responses
over as many convergence intervals as needed, and a single convergence interval is measured in multiple
integration steps. It is noted that each recursion stage improves accuracy of the approximate system
response by adding the next higher order term in a series expansion of the exact system response. This type
of behavior is seen in all of the linear system analyses of references 3—6. For the nonlinear systems of
reference 4. each recursion stage adds higher order terms; but for a given number of correct terms in the
series expansion, a greater number of recursion stages is required. For these systems, the convergence
interval cannot be arbitrarily long, even without integration and roundoff errors, and the degree of restric-
tion required depends on the initial condition.

Considering the system in figure 1 in its more general context, the off-diagonal elements of the
coupling matrix represent the means by which output from one subsystem is processed and channeled to
construct input for another. Because direct dependence of the input to any subsystem on the output of that
same subsystem is likely to have been handled internally, the elements on the diagonal are likely to be zero;
although, as demonstrated, the method does not require this to be the case. In development of a system
simulation by coupling of subsystem simulations. the nature of the coupling matrix is, to a large degree, a
design choice.

Consider, for example, the “system” to be an undamped oscillator governed by the scalar differen-
tial equation 1)+’ y(t) =0, where @ is the frequency of oscillation, A simulation of this system by
recursive feedback can be set up in at least two very different ways. One design possibility is to define a
single subsystem, best described as a double integrator, or two single integrators in series. The output
function of the subsystem is determined by integrating its input function twice. The coupling matrix once
again degenerates to a scalar constant, —m?2, and the system input function is zero. Assuming a nonzero
initial condition v(0) on the output (displacement), application of recursive feedback to this system results
in a truncated series definition of y(¢), and at the nth recursion stage, a symbolic representation is

2 4

p ¢ rln
=y -0 =+ @ =+ (D0 —— ] . ©
yn=y( ){ 2! 4! = (2;1)!}

Then for a sufficiently large number of recursion stages, the approximate solution approaches the
exact solution y(f) = ¥(0) [coswt]. Once again the number of terms in the series corresponds directly to
the number of recursion stages, but the order of the series with respect to time is twice the number of
recursion stages.



In contrast, a second design possibility is to define two subsystems that are both single integrators.
The governing differential equation is now given by the two-dimensional matrix-vector equation

Y(=KY() . A
the coupling matrix is given by
K { 0 '} , (8)
-w 0
and the output function is given by
Y([): _V]({) ’ (9)
v,(0)

where v, (#) represents displacement and y,(f) represents velocity. Application of recursive feedback to this
system results in a truncated series definition of Y(r). At the nth recursion stage, the numerically computed
approximate system response function is symbolically represented by

2 n

y""(r)=[1+Kr+K-’%+---+K”[~JY(0) : (10
! n!

Again, each numerical recursion stage. in effect, adds one term to the truncated series approxima-
tion of the exact solution.

For the two-subsystem. twin-integrator approach, it takes two recursion stages to reach the same
order of approximation in time that was reached in one stage with the single-subsystem, double-integrator
approach. However, the twin integrators represent independent operations that can be performed in paral-
lel, while the double integrator represents two operations that must be performed in series. In the double
integrator case, velocity, y(7), does not appear at the system level, only one function crosses the recursive
transfer point, and only one function is checked for convergence. In the twin integrator case, velocity, y,(1),
appears at the system level, both y, (1) and y,(f) cross the recursive transfer point, and both functions can be
checked for convergence at the system level. Clearly, in a more complex situation, the relative merits of
these approaches become simulation design and performance issues.

For the broader range of systems contained within the framework of figure 1, the nature of the
coupling matrix is a function of many possible simulation design choices. In its most basic form, a coupler
would simply route signals from one subsystem to another without modifying them. In its most complex
form, it could become a multidimensioned nonlinear operator as well. Typical coupler functions are likely
to be coordinate transformations, gain multiplications, interpolations, and other data modification or rout-
ing tasks that must be performed to make proper interface connections among a set of predefined or exist-
ing subsimulations.



As implied by the double integrator example (when viewed as two single integrators in series), it is
also possible to distribute the coupling functions throughout the system. In a particular situation, one might
choose to view several subsimulations as a combined set if the nature of the coupling among them is such
that an output response can be determined from an input function without necessity for recursion (there is
no feedback loop internal to the set). In that case. processing information as it is transferred from one set
member to another represents a coupling function that does not reside as an element of a centralized cou-
pling matrix. Utilizing the powers of block diagram algebra or signal flow analysis, many arrangements of
subsystems and couplers may be possible for representation of a given system. Such design freedom can
have a significant impact on the configuration, performance, and efficiency of the simulation.

To be of practical value in dynamical systems simulation, the recursive feedback concept must be
applicable to nonlinear models. The “guarantees™ and insights that come with analyses like that of refer-
ence 6 are weakened at best and totally lost at worst without the linear model assumption. However, one
does have a guarantee of solution existence and uniqueness for a broad range of sufficiently well-behaved
nonlinear systems (ref. 7). A converged recursive feedback process is indicative of a solution with excep-
tion of questions concerning discretization errors, roundoff errors, inappropriate tolerances, etc. The
potential for convergence can normally be improved by reducing the length of the convergence interval,
not unlike reducing integration stepsize in a conventional situation when satisfactory results are not achieved.



3. EXAMPLE SYSTEM

The example system is designed to be simple but to reflect real possibilities. It consists of a satellite
that has an attitude control system, is in low-Earth orbit, and is experiencing aerodynamic effects in addi-
tion to gravitational effects. The spacecraft is idealized as a rigid body of rectangular “box™ shape, illus-
trated in figure 2. The center of mass is offset from the geometric center by a small amount in all three axes,
and moments of inertia are such that there are two large but somewhat unequal principal values, while the
third principal value is much smaller. The principal axes are normal to the box surfaces so that all cross
products of inertia are zero. The models are based on constant density atmosphere, spherical Earth (inverse
square) gravity, and linear attitude control for small motion about an inertial reference. Attitude control can
be partially or totally removed so that the body is allowed to tumble under the influence of gravity and
aerodynamics. Gravitational, aerodynamic, and control torques affect the rotational dynamics of the rigid
body, while gravitational and aerodynamic forces affect the translational dynamics. Both translational and
rotational dynamics affect aerodynamic forces and torques, so a feedback loop is apparent. This example
falls in the general category of nonlinear, continuous systems.

Aerodynamic Data:

Drag Coefficient: 2.25 Inertial Pointing Control Gains:
Dimensions: Density: 1.95x 107" kg/m® Position: 1,000.0 N-m/rad, All Axes
Length (L): 15 m Rate: 100.0 N-m-sec/rad. All Axes
Width (W): 4 m
Height (H): 3 m

Center of Mass Offset:
X=01m
Y=01m
Z=01m

Notes:

Mass Properties:

Mass: 10,000 kg
Moments of Inertia:

1. & depicts center of mass location. Z

2. Roll, pitch, and yaw are Euler angles about the
X, Y, and Z axes, respectively. The sequence

is yaw -pitch-roll. 11,250.0 0 0
2
3. All axes penetrate facets at their geometric centers. 0 193,125.0 0 kg-m
0 0 173,812.5

Figure 2. Spacecraft properties and geometric body-fixed coordinate system.



4. MATHEMATICAL MODELS

4.1 Orbit Dynamics

The orbit dynamics is modeled by

9
(1 R g = (l 1)
Mgar — 5 = Forav +Faeru s
de” £
where
“ _ GMEannMsa R (12)
grav = R3 .

G is the universal gravitational constant, mp, ., and m,, are masses of the Earth and the satellite. R. the
orbit radius vector, extends from the center of the Earth to the center of mass of the satellite and is
expressed in an Earth-centered reference frame that is defined to be nonrotating and assumed to be
nonaccelerating. Fer,. the aerodynamic force, is derived from an aerodynamics model to be discussed
later. This development, as well as the attitude dynamics development, is standard and of the general type
found in many dynamics texts such as reference 8.

4.2 Attitude Dynamics
The rotational dynamics is modeled as a rigid body by

10+@x% 1®= Toonrol + Tag + Taero - (13)

where / is the moment of inertia matrix, @ is the angular velocity vector, ng’ is gravity gradient torque,
Tyero 19 @€rodynamic torque, and all quantities are expressed in a body-fixed coordinate system whose

origin is at the center of mass.

The attitude is defined by a set of Euler angles [(p»\.,q)‘,,q):] that indicate angles traversed by a hypo-
thetical reference frame as it is rotated from coincidence with an inertial (nonrotating) attitude reference
frame to coincidence with the body frame using three single-axis rotations in a z-y-x sequence. The instan-
tancous Euler angle rates are then related to body rates by

0, | sing,tang, cosp.tang, | @,
¢y |=]0  cosg, —sing, wy | . (14)
0- 0 sing,secd, cosd,secd, | ©-



Although this particular formulation has a singularity at ¢y =% /2, itis valid except at that point,
and can serve as the basis for a model if an adequate neighborhood of that point is avoided.

A vector expressed in inertial coordinates is transformed to body coordinates through multiplica-
tion of the corresponding column of inertial components by the direction cosine matrix

! 0 0 cos¢, 0 —sin Oy || cosgp-  sing. 0
A=|0 cos¢, sing, 0 | 0 =-sing- cos¢p. 0O | . (15)
0 —sing, cosg¢, | sin ¢, 0  cos R 0 0 1

The attitude control system is modeled by

aq .\‘¢.\‘ + a0,

~Teontrol <1 4 Wy ta 1@y | (16)
a():¢: ta)0.

where ¢, w, and « are associated with attitude angles, body rates, and control gains, respectively, and the
subscripts are self-explanatory.

The gravity gradient torque is modeled by?

To_OMEah ;oo (17)

where 7 is a unit vector corresponding to R expressed in body coordinates.
4.3 Aerodynamics

A box with six rectangular side panels (facets) defines the satellite shape (fig. 2). Aerodynamic
drag forces associated with the ith panel are approximated empirically by the formula®

>
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where p is atmospheric density, V is velocity magnitude relative to the atmosphere. C; is a drag coefficient,
A is panel area, 7 is a unit vector normal to the panel and directed outward from the box, and v is a unit
vector corresponding to V. If rotation of the Earth is neglected, no distinction between relative and abso-
lute velocity need be made. The total aerodynamic force is given by

F=Y' F. (19)

While the vector relationships of equations (18) and (19) are independent of any particular coordi-
nate system, the most convenient choice is a body-fixed “geometric” coordinate system (fig. 2) whose
origin and axes are defined from geometry (shape) considerations alone. The aerodynamic force as used in
equation (11) is most appropriately expressed in inertial coordinates. Appropriate coordinate transforma-
tion depends on the matrix A, defined by equation (15), and on the orientation of the body frame with
respect to the geometric frame. As illustrated in figure 3. the axes of the body frame are not rotated with
respect to the geometric frame, so the relevant transformation is identity.

A Z hody
4 geometric A

Center of Mass of Spacecraft

/

Y body

Geometric Center of Spacecraft

Y .
Xgeometric geometric

Figure 3. Relationship of body frame to geometric frame.
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The total aerodynamic torque about the origin of the geometric frame is calculated from six con-
tributing components and is given by

— 6 _ -
T= Zi:l fepi XFi (20)

where Tp; is a vector from the origin of the geometric coordinate system to the center of pressure for the ith

facet. The total aerodynamic torque about the center of mass of the spacecraft, as used in equation (13), is
given by

T,

m:T—(fcmXF) . 21

where T, is a vector from the origin of the geometric coordinate system to the center of mass (fig. 3).



5. SUBSYSTEM SIMULATIONS

Simulations for each of the three subsystems (orbit dynamics, attitude dynamics. and aerodynam-
ics) have been constructed as functionally separate entities, although they are implemented as parts of one
single FORTRAN computer program. The attitude and orbit dynamics simulations both have 3 degrees of
freedom. and each has its own separate implementation of a Runge-Kutta numerical integration process. In
both cases. the three second-order differential equations have been rearranged to six first-order equations
for interface with the integration algorithm. The aerodynamics simulation has no integration process
because the model is purely logical-algebraic. All three simulations are “stand-alone™ because each, in
principle, is capable of producing output signals (functions of time) from input signals and initial condi-
tions. Initial conditions, of course, do not apply to the logical-algebraic aerodynamic simulation. Input and
output signals are represented by a sequence of linearly connected points equally spaced in time. Addi-
tional points are obtained through interpolation by each simulation if needed.

The orbit dynamics simulation input signal is aerodynamic force, and output signals are orbit
radius and velocity vectors. The model, defined by equations (11) and (12), considers a point mass. inverse
square gravity, and an external force (aerodynamics) that is an arbitrary but known function of time. All
orbit dynamics simulation variables are referenced to an Earth-centered inertial coordinate system.

The attitude dynamics model input signals are the orbit radius vector expressed in inertial coordi-
nates, and aerodynamic torque expressed in body coordinates. Output signals are body rates and attitude
angles. The model, defined by equations (13)—(17), considers rotational motion of a rigid body, gravity
gradient torque, attitude control system torque. and an external torque (aerodynamics) that is an arbitrary
but known function of time.

The aerodynamics simulation input signals are orbit radius vector in inertial coordinates and orbit

velocity vector in body coordinates. Output signals are acrodynamic force and torque expressed in geomelt-
ric coordinates. The model is logical-algebraic and is defined by equations (18)—(21).
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6. SYSTEM SIMULATIONS

Three system simulations have been constructed. The first simulation uses a centralized coupling
implementation of recursive feedback, while the second simulation uses a distributed coupling implemen-
tation. The third simulation uses a conventional first-order, single-equation set approach and is the standard
against which the recursive feedback approaches are compared.

By design, the function of a coupler is to perform coordinate transformations or other types of data
conversions needed to make consistent, correct connections among the subsystem simulations. A single
coupler can perform all coupling functions from one central location, or a set of couplers that perform less
extensive functions can be distributed throughout the system. Coupling signals, like input and output sig-
nals, are represented by a sequence of points equally spaced in time,

Figures 4 and 5 illustrate the centrally coupled system simulation. The subsimulations represent
independent processes that can, in principle, be executed in parallel over the timespan of each convergence
interval. Because the primary purpose is to investigate functionality rather than efficiency, no attempt has
been made to use more than one processor in the single-computer FORTRAN implementation. Therefore,
the parallel computation advantage is lost, and quantitative comparison of efficiency with the other simula-
tions is not possible.

Figure 6 illustrates the distributively coupled system simulation. Before applying the idea of recur-
sive feedback. the subsystems have been arranged so that, to the extent possible, feedback is minimized.
Because there is an information loop that ultimately must be closed. it is not possible to completely elimi-
nate feedback. The subsimulations are identical to those of the centrally coupled system, but the system-
level numerical process is substantially affected because., among other things, the number of scalar signal
paths that cross the recursive transfer point has changed. This simulation was developed in part because the
centrally coupled simulation, developed first, is noticeably slower than the standard method benchmark.
More importantly, it serves to confirm functionality of the different coupling architectures.

The conventional simulation is implemented from the combined set of equations that define the
subsystem models. They have been collected and rearranged, by hand, to a single set of 12 first-order

differential equations, an arrangement sometimes called a “state variables” approach to system formula-
tion. In that context, the state vector is defined as

X:[R|V|¢|w]7’, (22)

where R, V, ¢, and o are three-element row vectors representing orbit radius, velocity, Euler angles, and
body rates. The system differential equations can now be represented as a first-order set by

X=f1(X,t), (23)

14
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where time has been explicitly included only for completeness of the form. In the current simulation, time
is only implicitly involved, because there are no system forces or torques that are explicit functions of time.
A fourth-order Runge-Kutta numerical integration algorithm specifically designed to solve systems in the
form of equation (13) is employed to propagate the system responses.

All system and subsystem simulations were specially developed for this project. They are written in
FORTRAN, all data were generated on the TD55/eds2 UNIX platform at Marshall Space Flight Center
(MSFC). Plots were originally produced with an in-house program (developed by Warren Adams, TDS5S5,
MSFC) on the same machine. Plot images were migrated to a Windows desktop PC for publication. A full
complement of plots is included in appendix A, and listings of the simulation programs are included in
appendix B.
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7. NUMERICAL RESULTS

7.1 Run Case Definitions

All data cases simulate motion of the same spacecraft starting from the same orbit and attitude
related initial conditions. The orbit is initialized so that in the absence of aerodynamic drag it would be
circular at an altitude of 300 km and an inclination of 30 deg. The initialization point is in the X-Z plane of
the coordinate system shown in figure 7. Spacecraft mass properties, dimensions, and control gains are
given in figure 2. Initial attitude angles and body rates are zero. Other data constants and physical constants
are identified in the computer listings. Case variations are developed from three attitude control system
configurations and three simulation methods resulting in a nine-element run matrix. The attitude control
configurations are listed as follows:

(1) Full inertial control
(2) Partial inertial (two-axis) control
(3) No control (tumble).

Case numbers correspond directly to the control system configuration list entry numbers, and method
variations are associated with each case. The simulation methods are:

(1) Centrally coupled recursive feedback (RF-C)
(2) Distributively coupled recursive feedback (RF-D)
(3) Conventional (unified) Runge-Kutta (RK-U).

Figure 7. Inertial coordinate system/initial orbit plane geometry.
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Numerical algorithm parameter settings were the same for all cases. Both recursive methods used
five sample points per convergence interval (including both end points). and the interval length was 0.4 sec.
Relative (normalized) and absolute convergence tolerances were both 10-!2 for the RF=C and 10~ for the
RF-D. The orbit and attitude subsimulations both used a fourth-order Runge-Kutta algorithm with a step
size of 0.1 sec, while the aerodynamics subsimulation computed aerodynamic effects at a 0.1-sec sample
interval. The conventional simulation used the same Runge-Kutta algorithm with a step size of 0.1 sec.

Results for all possible (nine) combinations of control system configuration and solution methods
were generated. For case 1, in the absence of any well-defined requirement, a set of control system gains
was chosen that produce reasonable (small angle) attitude dynamics responses. For case 2, the Z-axis
control gains were set to zero; and for case 3, all control gains were set to zero. Simulation responses have
been generated for 60,000 sec of problem time using all solution approaches for all cases.

7.2 Response Comparisons

The responses for case 1 (full control) are identical over the full 60,000-sec duration of the simula-
tion runs for all solution approaches (RF-C, RF-D, and RK-U). Appendix A.l contains 108 plots that
compare RF-D results to conventional RK—U results for case 1. Radius. velocity, attitude angles, body
rates, aerodynamic forces, aerodynamic torques, and altitude are shown as functions of time. The general
format of the appendix presentation is to show each response over time intervals of 0-20,000, 20,000
40.000. and 40.000-60.000 sec, and additionally, to show some selected plots that cover smaller time
intervals of particular interest.

The responses for case 2 (two-axis control) are, like case I, identical over the full 60,000-sec dura-
tion of the simulation runs for all solution approaches. Appendix A.2 contains 92 plots that compare RF-D
results to conventional RK-U results for case 2. As in the appendix presentation for case 1, radius, velocity,
attitude angles. body rates, aerodynamic forces, aerodynamic torques, and altitude are shown as functions
of time, and the presentation format is also similar to that used for case 1.

For case 3 (tumble), the RF—C, RF-D, and RK-U simulation responses all agree for approximately
45,000 sec of the duration; after that, the RF—C and RF-D responses begin to diverge from the RK~U while
they continue to agree with each other for the full 60,000 sec. Figures 8-16 present plots selected specifi-
cally to illustrate the early agreement and subsequent deviation of responses generated recursively from
those generated conventionally. Attitude angles are shown in figures 810, body rates are shown in figures
I1-13. and altitude is shown in figures 14-16. Only the 40,000- to 60,000-sec time period is covered
because no earlier deviation is apparent. Appendix A.3 contains 60 plots that compare results of the RF-D
approach to the conventional RK-U approach for this case.



200

A

150

100

1

QO --- No Control, Standard Method

X --- No Control, Recursive Method 1

\

50

1N

IR

=50

/

e

NIARRIE
TN

/

Y

-150 %

\

/

-200 -

40,000 42,000 44,000 46,000 48,000 50,000 52,000 54,000 56,000 58,000 60,000
Time (sec)

T ¥ ¥ T

T T

T

Figure 8. Case 3, Euler angle, X axis (deg).

1 T

80

I [

[

60

O - No Control, Standard Method
X --- No Control, Recursive Method

40

A

20

40,000 42,000 44,000 46,000 48,000 50,000 52,000 54,000 56,000 58,000 60,000

Time (sec)

T T T T

T

T

Figure 9. Case 3, Euler angle, Y axis (deg).

19



200

1/ /

150 M ;{
100

/

1] O --- No Control, Standard Method
X --- No Control, Recursive Method

| /
-50

wl
wl ] /

1 F /

A

_200 T T T T T

40,000 42,000 44,000 46,000 48,000 50,000 52,000 54,000 56,000 58,000 60,000

Time (sec)

T T

Figure 10. Case 3. Euler angle, Z axis (deg).

T

020 N N

Q --- No Control, Standard Method

0.15 \ X --- No Control, Recursive Method

0.10 \
0.05

-0.05
oro m A WA /%
Y

| w

—015 T T T T ] T

40,000 42,000 44,000 46,000 48,000 50,000 52,000 54,000 56,000 58,000 60,000
Time (sec)

T

Figure 11. Case 3, body rate, X axis (deg).

20

T



0.150 I | ] [
] O - No Control, Standard Method

0.125

X --- No Control, Recursive Method

0.100 A / j\
] \ [
l‘

0.075

0.050 ﬂ? /;
| [
\ ]

0.025

0

—00251 [ \ / \ _}
-Oﬁmﬂf\?” WA L N #
s VAV ﬁi‘v/ I \\//
—0.100: w; \X(

_'0125 T T T T T T T T T T
40,000 42,000 44,000 46,000 48000 50,000 52,000 54,000 56,000 58,000 60,000

Time (sec)

L —
]

Figure 12. Case 3, body rate, Y axis (deg).

0.125

7 ﬂ (O - No Control, Standard Method
0.100 |
’ X --- No Control, Recursive Method

A :
0.075 H

W LA L e
AL el

0.025

0

0.050 f ! \
IER
A

-0.025

'“-q-q—_.:_____‘_‘__h
iy
|
1

-0.050

L
R
£
pEo
"
[
————
T
u

-0.075 \ / VvV \ju V
-0.100 ¥ XJ -
-0.125 T T T T T T T T T T
40,000 42,000 44,000 46,000 48000 50,000 52,000 54,000 56,000 58,000 60,000
Time (sec)

Figure 13. Case 3, body rate, Z axis (deg).



L0
9

299.45

299.40
299.35 — E\
299.30 d WR
299.25 - N*S_K .
299.20 - \

O -- No Control, Standard Method

299.15 )
X --- No Control, Recursive Method
299.10
29905 T T T T T T T T T T
40,000 42,000 44,000 46,000 48,000 50,000 52,000 54,000 56,000 58,000 60,000
Time (sec)
Figure 14. Case 3, altitude, first time segment (km).
299.3325
299.3300
299.3275 .

299.3250 ™, l
. \ 2.5m
299.3225 - T
299.3200 \k\n
QO -- No Contro, Standard Method K,

4 X --- No Control, Recursive Method \\k

299.3175

299.3150

-4

299.3125
299.3100 4—— ; ' 1 : ; : , . \

45,000 45,100 45,200 457300 45400 45500 45600 45700 45800 45900 50,000
Time (sec)

Figure 15. Case 3, altitude, second time segment (km).



299.099

4
299.098 ;\\\E

] P
299,097 S -

J e
299.096 H_L"ﬁm__ﬁ

B ;h——“é’““——éi——ug,____‘_é
299.095 O --- No Control, Standard Method
999 094 \\ X --- No Control, Recursive Method

I l
299.093 \)’\

N ey 1m

.
299.092 k
A

J \.\\J
299.091 e
299.090 ‘ Y s
299089 T T T T T 1 T T T T

59,000 59,100 59,200 59,300 59,400 59,500 59,600 59,700 59,800 59,900 60,000

Time (sec)

Figure 16. Case 3, altitude, third time segment (km).

Altitude results for all control system configurations and two solution methods (RF-D and RK-U)
are superposed in figures 17-19. The main point of illustration is the variation in orbit decay rate as a
function of attitude control. Figure 17 shows the full 60,000-sec run duration, while figures 18 and 19 show
shorter time segments taken near the end of the run. Figures 17-19 illustrate again the agreement of recur-
sive and conventional solution methods for cases 1 and 2, while showing the method-induced deviation
apparent in case 3, the no control (tumble) case.

Appendix A.4 contains 42 plots that compare results from the two recursive approaches (RF-C and
RF-D) to each other for all three cases. These plots are presented primarily for completeness since, for all
practical purposes, the responses are identical for both methods over the full 60,000-sec duration of the
simulation runs.
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8. PERFORMANCE

The numerical results presented in figures 8-19 and in appendix A very clearly confirm that cou-
pling of discipline-oriented subsimulations by recursive feedback can be used successfully as an architec-
ture and solution approach to simulation of the example system. In cases 1 and 2, 60.000 sec of run time is
achieved with no significant deviation of results. In case 3, deviation begins at approximately 45,000 sec.
The earlier deviation of case 3 is attributed primarily to linear interpolation of acrodynamic forces and
torques over the subsimulation integration step size in the recursive (RF—-C and RF-D) implementations.
while aerodynamic computations are made at points internal to the integration interval in the unified (RK-
U) implementation. Improvement could likely be found through a more sophisticated interpolation method,
a shorter convergence interval, or an increased number of points per convergence interval for si ignal defini-
tion. It must be remembered, however, that eventual disagreement of dynamic simulations driven by differ-
ent numerical processes is always expected.

The results also confirm that the location and distribution of coupling functions. while partially
defined by the fundamental nature of the subsystem interactions, can be part of the simulation design and
can have a significant affect on performance. For the current example. the convergence interval length
(0.4 sec) and the number of points per convergence interval (five) are the same for both recursive
approaches. and the accompanying subsimulations as well as the conventional simulation all use the same
integration step size (0.1 sec). Convergence error tolerances were in the range of 10-12 to 10-14 for the
recursive methods. Typical reported processor utilization times for the RF—C, and RF-D simulations are
approximately 1.200 and 800 sec, respectively, while the RK-U time is approximately 200 sec.

As mentioned earlier, the potential parallel computation advantage of the RF—C simulation is lost
because of the particular single-computer FORTRAN implementation. Given that fact, the RF—D (fig. 6)
simulation is understandably faster than the RF-C (fig. 4) because the amount of data being processed and
checked to confirm or deny convergence at the recursive transfer point is significantly less. The speed of
the RF-C simulation would be increased if the subsimulations were actually run in parallel. The possibility
for running subsimulations in parallel does not exist for the RF-D simulation because the process design
requires them to be run sequentially. In either recursive method, output from the last stage of the process is
used to compare against the previous stage for confirmation of convergence. In the conventional method,
no active control of error is currently present, and inclusion of any such mechanism would require addi-
tional computation; conversely, predetermination of the number of recursion stages and elimination of the
convergence check could significantly reduce the computation load for either recursive method. For the
current example, the maximum number of recursion stages is typically three, one of which could arguably
be said to serve no purpose other than to confirm satisfaction of error tolerances. As the number of recur-
sion stages increases, the extra time required for the confirmation stage becomes less significant in a rela-
tive sense, but elimination of the checking process entirely would save time at every stage.
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None of the current simulations were constructed with emphasis on efficiency. After correctness,
programmer convenience and listing readability were the next higher priority considerations. It is believed
that many strengths of recursively coupled subsimulations architecture lie in areas other than computa-
tional efficiency and those strengths may sometimes be well afforded at considerable expense.
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9. IMMEDIATE FUTURE DEVELOPMENT

More analytical investigation and development are appropriate. Analyses that investigate error
sources, error propagation, computational efficiency, and stability are needed. Analyses that address appli-
cability to stochastic systems and discrete data systems are also needed. Further reduction of conservatism
of the criterion for convergence derived for systems with algebraic loops (ref. 6) should be explored. The
basic concept should be extended to include automatic control of convergence interval duration and other
process parameters to improve performance. Implications of central versus distributed or mixed coupling
architectures should be considered from viewpoints of algorithm performance and computational resource
uttlization.

To facilitate a multicomputer implementation, a high-level standard format for digital definition of
a vector analog signal segment (function of time) needs to be chosen or created so that signal segments can
be transmitted and received throughout the system. In addition, system-level command and control func-
tions must be defined so that standard subsimulation and coupler interfaces can be developed. A single-
computer multiprocessor development that takes advantage of parallel computation could advance devel-
opment of requirements for a multicomputer implementation as well as facilitate a better assessment of
performance. Construction of an example involving more than one computer will serve to identify a de-
tailed set of platform- and network-specific requirements in data systems and software terms; it will also
serve to explicitly demonstrate technical integrity for a multiplatform application.
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10. CONCLUSIONS AND RECOMMENDATIONS

An example nonlinear, continuous simulation of satellite motion has been successfully constructed
using two variations of recursive feedback to couple three separate subsimulations of orbit dynamics,
attitude dynamics and control, and aerodynamics. Results have been verified by direct comparison with a
conventionally constructed simulation of the same system. Each subsimulation deals with one engineering
discipline, and appropriate interactions are implemented recursively at the system level. The subsimulations
can, in principle, be run separately on remote and dissimilar platforms while coupling is implemented by
way of network. Depending on the system-level design configuration, it is possible to run the subsimulations
in parallel. The coupling signals represent physically identifiable variables associated with physical inter-
faces of the subsystems. The example employs three subsimulations; the method framework accommo-
dates n. Clearly, further investigation of recursively coupled subsimulations as a systems simulation
architecture is warranted. It is recommended that the present effort be expanded to include all of the future
development areas mentioned above, and that longer range plans should include a pilot multisubsystem,
multidiscipline. multiplatform development of a complexity level that demonstrates effectiveness and
efficiency through collaboration.
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APPENDIX A—RESPONSE PLOTS

A.1 Response Plots for Case 1 (Full Three-Axis Inertial Attitude Control)
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A.2 Response Plots for Case 2 (Two-Axis Attitude Control)
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A.3 Response Plots for Case 3 (No Attitude Control)
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A.4 Response Plots for Cases 1-3 With Central and Distributed Coupling
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APPENDIX B—FORTRAN LISTINGS

B.1 FORTRAN Listings, Including Main Program and All Subroutines,
Recursive Feedback With Centralized Coupling (RFC)
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B.2 FORTRAN Listings, Including Main Program and All Subroutines Not Previously
Listed in A.1, Recursive Feedback With Distributed Coupling (RF-D)

147



SUOTITPUOD Indino JeUuT] pu®e TRTITUT; JeAA‘1¢AL /€pUOOPUS /UCWWOD

SWT3 *sa o/T ‘SOTwrUApCIsE; fhh‘gnn/¢shsgns /uounuos

SUOT3ITpuod 3ndino Teurtry pue TetatuT; J7AR "1 ZAR ) zpuoopus s uowwoo

SUtl *sa O/T ‘soTweudp apnitiie; ZAAzun/zsAsqns suocuoon

suotitpuod 3ndino Teutr3y pue TeT31uT; JTAL 114K/ TpUucopus /ucuuos

SWTY *SA O/T ‘sOTwWeUdp 3TQIO0; 14X /1nn/ 1sAsqns suowwoo

SwWwIl *sa TTe “‘3ndano wSnotasad, /3ndyno/andut Wa3SAs; dAAYAK ‘nn/weysAs /uouwos

sindino g ‘swaisAsqns ¢ SUOTITPUOD TRUTT;
sjndino 9 ‘sweilsdsqns ¢ ‘SUOTITPUCD TRTITUT;

(9)3€AK’(9) 32AK" (9) 3TAA uotsusutp
(9) T€A&’ (9) TZAA* (9) TTAK uoTSUBWTP

¥09Yd Sdusbisaucd 107 (001°9)daz(001‘9) 943 uoTsuswip

(00T 9) €447 (00T ‘9) €nn uoTsuUsWTP
sjutod awil ool ‘we3shAsqns 1ad sTeubIsS XTS5 (00T ‘9)ZAA’ (p0T *9) zun UOTSUSWTIP
‘swe3sdsgns e9sv1yy 103 sTeubrs 3ndino pue andurt (00T/9) TAA“ (00T ’9) Inn UOTSUSWIP

(z-o’y-e)uorstosad srqnop atortdut

«******«****«,.«*«.***«..«****««.«****«*******«.*.«***«..«*****«*««*«**«,******«.«********«***** SuocTieIRTO3(Q

TLONI/TOP, UT PBUTE3UOD aIe

sbutistT weaboxrdqns pU® uTRW Sy3 pue ‘,3-ny1, weiboid NIVW NY4Ld04 se pajuswsrdwut ussg sey yoeoidde
PIBPURIS 3YL "poy3lsw uorieibhaiur TeOTIsWNU S1bUTs pszITeijusd e bursn yoeoadde piepuejs e Aq
poleasusb sitnsex sredwod o3 ST 3US3ul 2yl -uor3eibelutr [eoTISWNU JO spoylsw o7driTnw Argrssod

PUE P33INJTIISIP S3ATOAUT ydiym ‘Yoeqpesi saTsinosi Aq (soTweudpoise pue ‘soTweulp apnjrlae
‘SOTwWeudp 3ITIO) swalsAsqns psT1dnod asiyjy 30 uoT3INTos oTweulp oyl a3easusb 03 ST ssodand ayy

* (senbiojy pue sooi03] OTweuApolise) sTeUbBTS JO 18qUnu WUNUWTUTW 243 U0 pPayoayd
ST sousbisauoco pue ‘Hurrdnos PI3INQTIISTIP S9SN 3ORUPEDI SATSINDDI Aq uotr3eTnurs 3o ardwexs STYL

wPJI/TOB, Ul POUTRIUOD a1 SPUTLISTT
wexbozdqns pue uteuw syl °149v 3o 3zoddns ur ‘Gcql/DdsK ‘UOXTIN bnoa Aq 000z/21/9 uebag JjuswdoTsaag
"wd 033, wezboad urtew NYYLHO0d JO dotseriea v st pue’,3°p3ya, weiboid NIVW NVILIOL ST STyL

X

COLOLVLOLVLOLOLULULVULOLLULLUULUD

148



“(C‘r)ARA 30 uor3itized(wolloq) pPITY} 3yl OSTE
ST pue ‘welsAsqns (SOTwWRUAPOISY) PATYL =Yyl o3 TeubTs ndiano 1030sa 8yi 103 urod
swtl U3zl ay3l 3e jusuodwod yaT ayi siuasaadsy c7eubts andino wsisAsgns pATYL -----— (C'1) chR

s ([*1)AA Jo uotritTazed (a7pplw) puocdss 3yl OsTe ST pue
‘we3sAsqns (SOTWRUAD 2pnirilde) puodss 8yl woij [eubts andano 103%8a ay3 Jo3 3utod
swT3 yal ayiz a3e 3usuodwod y3t 2yl siusssadey *Teubrs jndino walsAsqns puooss —----— (C'1) ZARA

“(L'1)AR 30 uotTaTized (dol) 3Isit3y Syl OSTR ST pue
‘weisAsqns (SOTWRUAD 3TQIO) 3SATJ oyl wory reubrs indino 103084 2yl 103 jutod
swty yal ay3 3e azusuodwod yit syl siusseadey -~Teubrs and3ano wajlsAsqns 3SAT ————-— (C*1) TRA

(C’1)nn 3o uotritiaed (wWo3log) PITY3 =2yl OsTe st
pue ‘welsAsqns (soTweuApoise) pITyl 8yl o3 [eubls andut 10309A @yl 103 3utod
swtl y3if{ ays 3e 3usuodwod YiT 2yl siusseadsy +Teubts andut welisAsgns pPITYL ----- (C’T)¢enn

*(C't)ynn 3o uot3iT3laed (sIppTw) PUODIS 3Y3l OsS[e ST pue
‘wslshsqgns (soTweudp SpPNITIJE) PUOCDSS SYI 03 Teubts 3ndut 10308A SY3 103 jutod
swty yal syl 3e ausuodwod YyiT 8yl siussaiadey ~Teubts andutr we3sAsgns puedss —---—-— (C’1)znn

c({’7)nn o uotrirtized (dojy) 3IsaTI 9yl OsTe ST pue
‘we3sAsns (SOTwWeulkp 310I0) 3ISaTI @Yyl 03 Teubrs 3indutr 1030e9a B8Ul} 103 jutod
awTty yafl ayz 3e jusuodwod yiT 8yl siussaadsy ‘Teubrs Indut we3IsAsSgns ISATI --——- (C'T) 1nn

P T N Y T T L R R T R I R i R i S

N r Y A Y XA YK KA YK AN NR A A KAAE A AR E AR RX A RN AR AN A XA xx ¥y xxxay SOTQETIRA TRIUSWEPUNT SYI JO UOTITULISA
I-zqns ‘3-9pniTile ‘Igns ‘3t 3Tgac ‘IJrealsanosa; apad ‘td‘swb ‘y3IeaI/SIULISUOD /UOUUWOD
TeazajuT jurad ‘Teaxs3ut jaodsl suop 1usdiaad; 1oad ‘qutad Top‘3xodaa [9p/ZUOTIRTRWIS/UOWWOD
Teuty 3°TeTITUT 37

‘q1ufaquu’juu’dols” 3 /3utad 3‘310dsi 17
ssuT3inox A3TTran jutod-swii-sTbuts swos idedoxs T1Ej ‘1138 3‘sex1’T7o3’37op ‘dpu/UOTiRTNWTS /UCWWOD

IO T VYV Y T R kT T e e T e i e

O UVDUULOLULOUDDLDOULOLOLOLULLUCULLULLLULLLULLULLOLOOLOLDLUO

149



‘NYELI0I UT eyl sptaocad o3 Aem © ST NOWWOD ut elep jeyi buroerd pue ‘ATsnoiasiad
pajeasusb 31 3eY] BlEp 03 SSasoe SABY 03 spesu uoTielnwls wajlsAsqns ayl HBUuTuTeluoo ANILOCIENS

943 3eyl ATuo uesw Aew 3T --— Toaa] WalSAs PU3 3® P8aATSSP 10 paitnbsi s1 elEp JBYI JO B eyl

uesu ATraesssosu jou saop weiboid (Ten8T-we3sds) NIVW 2Y3 U3Tv NOWWOD utT psoe1d ussg sey ejep
welsAsgns eyl 31o0vF oyl TWYITIOHDTE [3A8T-wo3ISAs 8yl JoO uoctiejuswsTdut I10J @In3ionils siertadoxdde
butpraocad sTiym suotraernurs welsAsqgns oyl jo =ouspusdsput $93e3T11ory (butructirtized) ssdTIIPUQNS JO
uctiturysg ‘peijzoddns oq ued SuUOTIRTAWTS ws3sAsqns syl Jo souspusdspul eyl Aem B Uydns UuT NYIINOA
FlAa YOBRqpe®] 2ATsInosa 3o uorjiejuswardwr morte o3 poubTSep useg SPY 2IN3IR[OUSWOU saoge ayl

*«******r**********«**%***«********«*************«************«*****««******** SIUSWWOD TRIDUDD xxx vy

(dpu‘t)gA&X 03 jusrearnbs st pue ‘qutod awt3 3Is®T 88Ul 3@ ([‘1)chL Teubrts
10329a 2yl 3o 3jusuodwod yit syz siuassadsy ~weisAsgns (soTweudpoise) QYIHL =Y3
A03 TeAIS3UT 80UBHISAUOD JULIIND BYI JO pus 2yl 3e TeUDLTS Indano Syl JO SNTBA ——-e-n (T) ICARA

(dpu ‘1) zAA 03 jusTeatnba ST pue ‘Jurtod swil 3seTl ayjl 1e Teubrs
943 30 jusuodwod Y3t 8yl sjussoadey -‘wslsAsqns (soTweudp 8pniTlie) gNODES =Yy3
103 TPAJIS]1UT 2DUBHISAUCD JUSIAND Y3 JO pusd 243 3e TeubTs Indino 8yl IO BOTBA ~—-e- (T)32ARA

(dpu’1) 14X 031 juetearnbs sT pue ‘qutod swTl 3ISPT BY31 3B
TeubTis syl Jo jusucdwod yir ayil siusseadey -we3lsAsqns (soOTweudp ITQIO) L1SUTA Yl
103 TeAISIUT 20USHIBAUOD JUBIIND 3yl JO pus 24yl 3e Teubrs andino 8yl 70 SNTEA -———o (T)3T1ARA

*«******«*******«****«***«*«*****««%*********«***************«********«******i**«********kk*«********
(1'T)cAX 03 Juareatnbs sT pue ‘Jutod awTl 3ISITI 2Y3 e
Teubts syl zo jusuodwos U3t 2yl sjusssadsy -welsdAsqns (sortweulporse) dYIHL @Yyl I07
T2AIS3UT 80USDI®AUOD JUSIIND BY3 JO Burtuutbeq ay3 3je Teubrs 3ndino Y3 J0 aniep ——-—-—- (1) TchA

(1'1)ZAA 03 JusTeatnbs sT pue ‘jutod swrl 3SITJ 2yl 3e TeubIs
2yl Jo0 jusuodwod yit sy3 siussaiadsy ‘welsdsqns (soTweudp SpniTIae) dANODdS syl 103
TEAIDIUT 30UDISAUCD JUSIIND ay3 JO butuutbag sy3l 3e Teubrts 3ndino 3yl JO SNTPA ————— (1) T7AA

(T'1) 1AA 031 jueTeatnbs sT pue ‘jutod swr3 31SITI Syl 3e Teubrs
243 3o 3Jusuodwod y3t 8yl siusssadey ‘we3ysdsqns (sotweudp 3TGIO) LSYIA 2yl 07

Teal133UT 20uUsb13AUOD JUSIIAND Y] JO futuutbaq sy3 3e Teubrs Indino 243 JO onyep ————- (1) 1T1RA

*****«*«***4«**«*«««*******«+«****+***«****««**i****************«*«******«*****«***%«««*********%ﬁ**«

COLDOLVLUVLOLVLLULULULULULULOLVLLUUOLLOOUOVUOU O0UO0OLOLLLLUUVUULVLLLOLULO

150



uoTaRIND [PAISIUT dousbrasuod o3 deis Bul] uoTj3eIbsIUT JO OTIeI; (1-dpu)aeo13/0" 1=0%37
xutad

fewap ‘speS1

xiutad

L1 ("o9s) , ‘yautad

,UOT3EIND TRAIDIUL 2douabiaasuocd oyl 3ndul . x3utad
yautTad

dpu ' ,pes1

«3utad

,:squtod (Axepunoq) pus yioq , fy3utad

,putpnioutr ‘Teareijul sdushHrsauod I1ad , ! yautad
,sautod (swTl) ejep Jo Iaqunu 3yl Indul . xautad
x3utad

, ‘buttdnoo peinqraisip, ’ 3urad

LUATM yOoeqpaaj aATsandsel ST poylau, ‘ yjutad
,U0TINTOS "3 p3x wexboxd utew ST sTYL, ! y3utad
xIutad

EO O G S R L L T o sis3jswered uoTlIRTNUWIS ToaaT-wa3sAs buturiag
A_CSchGD_umzumum\.Hu:o.vmu_uwaﬂw\Huuﬂc:vcwao
O T Ve g S X R R LR R R A i R I i 8713 3udino a8yl butystrgelsd

‘{en®T welsAs oyl woi ,puewwod, 3o 3drevsx uodn T1aa87

walshsqns sy3 3® ATTR3103 polpuey ag PINOM 3IXdU 3Yl JO SUOTITPUOD TETIUT 07 TeAI=S]ul 20USbHIBAUOD SUO
WOIJ SUOTATPUOD [BUTF JO 18ISUPIY ‘uUoTieijuswaTdwl Tersusb arow =y3 Ul cuotiejusweTdur TeIsUSD SI0W

e 103 ToasT weilsAsgns syl 3e suorTlTpucd fetitur ,dssyyooq, pue sutjisp 03 oaet1adoadde siow og pTnom 3T
‘sTyl JO asneodayg - T[=48T weisAs 2yl e weyl burmouy JO A3TSsedau oyl 3noyltm [oAd] walsAsqns

Sy3 1° UTPWS1 pUB 3SIXS UED Sa3els waisAsqns’Teasusb ur ‘IsASMOY PITEA ST uotizdunsse a8yl ‘wsisiAs
o1gioeds STyl I0J ‘TOAST 23PY} 1B PITPURY ST 2DUSHISAUOD I93FB SUOTITPUOD TEIFTUL OF SUOT3ITPUOD TButljd
JO I33jsuexl pue ‘TansT walsAs 24l je pspSsU 21v S93e1S wa3sAsqns T1e 1Byl sswnsse uoriejuswsTdwl STYUL

-atgissod
jou s1 uoTanoexs ToTreied pur ‘juejixodwt ST UOTINDIX2 JO ISPIO SYL "I2uuEd Tetiusnbes ® url 1xsu
5yl 07 UOTIBTNWIS-NS SUO WOIJ SMOTJ UO1FBWIOIUT ‘UOTIRINDIIUOD putTdnoo poiIngTIISIP 22Uyl JO asnedad

X x ¥

X r ¥

O UL ULULULVLLOLULDLULULLULDLOD

151



swtl Jutad 103 souvISTOL; £-90 " 1=102d

SUOTIBISIT JO IdqWNU STUPMOTTE WNWTXeur; 00T=XBWwlT
93InTosqe; PT-20"T+(0Q0" 1) =sax
SATIRPTSI; PT-90"Tx(0d0 T)=T03

(Teazsjur zolew suo se yonw se Aq do3ys 1 pssoxe Aeuw SWTL) “uoT3IeTNWTIS BY3;
3O uotisTdwod 103 pertnbeax STeAIS3UT (20uUsbisaucd) awry zolew jo Iaqunu ; T+ (Leuipy/doas™ 3) jut=13uu

QOumlu*Ao.ooﬂ\uuoawu|uwmvuwuo&mulamn

«Jutad

1zodex zsd ‘,pesa

¥yutad

V() .\*&CHHQ

1 TEAISJUT snilels suop 3Jusdaad andurp , P xautad

xjutad

qutad Tep ! .pesx

sutad

vi(o®s)  ,‘,qutad

yT2AT23UT (3uTad)andino eiep ayj 3ndug , ! xautad

xiutad

dois 3 ‘,peax

xautad

v (°08s) awtl dojs uoriRTNWTS BUj andur |, *,3utad

(1 spow ‘sotueudp 3tqao) ¢ wo3sAsqns 103 (eiep) sentea 1sjswered sautriop; (1) uApoxse TTED
(T ®pow ’‘soTweudp 1Tqi0) 7z wsisdsqns 103 (e3ep) senfea 123sweaed ssuilgsp; (T)spnitize 11eO
(1 ®spow ‘sotweudp 3Tqi0) T welsisqos 103 (e3ep) soniea Isjlsueied sauTlsp; (T)3T1gao 1T1eO

*****«*******«******«.****«************************«**«.********«** seseqgelep walsdsqgns ayjl burierndog

xyutad

1 S$S9T 10, ' ,3utad

17938, 3T8p’, 03 saztsdels |,/ ,qutad
WUOTIBIBSIUT TTE SITWIT 23BP 2A0Qe ayg . x3utad
sztsdo3s uoT3RIBSIUT; (ewap ,oe3=1T2D

¥ X

O

152



TRAIDIUT S0UBHISAUOD ISAO UOTIBRTNWTS soTweudp 3TQIO una ‘g spou | (¢)3Tgao TTeD
TeAID1UT 90URHIBAUOD 8Y]} 1340 SUOTIETNUTLS walsASqns TenpIaIpul butuuny
2NUTIUOD

0ao-o=(L/T)¢gnn
0ao-o=(L‘T)Znn

(g) oisz 03 sTeubts jndut wslsAsgns TTe PUTZTITRTIITUT 0a0 - 0=(L*T) 101
Teubts zoTeos iad siutod (swrl) BIERP JO ISqUNU dpu; dpu‘t=L 1 op
wailshsqns xad steubts andutr ISTRIS XIS 9‘1=T1 T OP

kv r v ¥R EAAAAAY YA EEAKEE A AR A xxxAAxxxxxy (OTDZ 0 TRUDTS FORAPSSZ ToAsT-walsAs 2yl PUTzZTTRTITUL

{EAIS]QUT 20USHISAUOD (MBU) 3JSITI I0F 0A9Z Of pPezTTRI4LUL SUOT1eI93T JO Idqunui (0=3TU
***********«**%*********y**********#****«*****************************«*«**«*********«***««*******«*

&***********&«*«*****************««494@ A9YLS NOISHNDId TYILINI OZHFD&EOU***********«****¥m 2NnuUTIUOD

********««*******«******«****«*****k********************%*********«*«***x**«**************«*********
(us3ysks oTeIgebiR) SOTwWeudApoiase 103 dnass SUOT3ITPUOD TETITUT OUj

sotweudp 2pnitije ‘dniss suOTITPUCD TELIITUT TeutbrIo ‘z opou; (z)opnaitaile TTeED

soTweuAp 3tgao ‘dnjes SUOTITPUOD TRIILUT Teutbrao ‘gz spow; (z)3tgao [1e2

195300 UOTJIRTNUWIS WS3SAS 3B uoljelnuris-gqns yoes 103 suoTirpucd TeT3ITuT dn butllssg

swtl 3I10dex auop Jusdiad SIZTIRTITUTL] 0°o=13110deox 13

swty 3utad sLzTTRTITUTL] 0 0=3utad 13
pol1eTNWTS (STRAISIUT 20usbroaucDd) STRAISIUT SWTT solew JOo Iaqunuj 0=73uu
uoTJETNUTIS SY3 JO 1IB3IS WOIF PIINSESW ST SWlij 0 0=°utl

F O VD T R R T e e s 1JUNOD TrAIs’qUT souabisauco pue 2wry DUTZTITRTITUL

SWTI} 3iels SUTydLBw| (Tu) 201D T1ED
xiutad
,rssaxboad utr unyg , ‘s 3utad

X xx

X % ¥

*XXN¥
00T

PR

X* XX

(&)

&}

o] 0 0 oLo

O

153



€1=1

£ op

****«*«*****«******«*****««*****«««****«********«******«****«*f***«****«*«*** sousbrsauod 10T ADBYD xaxx

gaxa1dnoo

TeAIB]UT 80U3DIBAUOD IBA0 UotjeTnuts (orteaqgabre) soTweudporse uni ‘¢ opouw (¢)udpoaoe
zasrdnoo

[PAIBIUT 20USBIBAUOD I8AC UOTIBTAWTS SOTWPUAD 8pn3irjje unx ‘¢ spow ; {(¢)epn3taige
TIa1dnoo

TBAISIUT SDUSHISAUOD IBA0 UOTIeTnWTS SO1weudp 3TQIC uni ‘¢ spou | (¢)3tgao

TT®0

T1E2

TTeO

T1e2o

TT®D

Treo

TBAISIUT 9DUSDLISAUOD BUJ I9A0 SUOTIETOWTS we3sAsSqns TENPTATPUT BUTUUNY 44«

(sebe3ls uotrsinosr Jo Isqunu) JuUNCd SUOTIBISIT BY) butyepdn; T+3Tu=371U

*****k*«******«***«***********************«******«**«*******«««****************«***************«****«***
FHIIEXX X xx ¥ pxxxxxxnxnnxxxxxvxyxrxxxxLNIOJ AdINT 4007 ZOHWMDUNM«******k**«**«******«m SNUTIUOD (007

**********«***«%**«****«*************************«***************£*****«*««***«***************«*****«***
SNUTIUOCD

§81evulpiaood Apoq ‘snbion OTweuApoior; (C’¢+myznn=(Lc+1)dqg
S®3BPUIPIOOD [RIIIBUT ‘80107 DTuWeuApoiae; (/1) 1nn=(C“‘1)dqgz
dpu‘1=( 7 op
(Moegpsey ‘sotwruiporse) SSNTEA 3UL1IND 03 elep sbHe3S UOTSINDSI TeTITUT S335; £1=1 z op
SOTWPUAD 2PN3ITIIE pup 3TQI0 O3 sotweudpoise woxy Teubrs {oeqpssI ssindwod; g¢rs1dnoo 11e0
TEATID3UT 80USDISAUCD I3A0 uotiernuwts (o1eagsbie) SOTWRUADPOISBY uni ‘c spou ; (¢)uhpoxar TTED
Zas1dnoo 1rEO
TPAISIUT 20USHILAUOD 18A0 UOTIBTAWLS SOTwWeuAp spnitije una ‘g spou | (¢)epniriyie Treo
Txa1dnoos yreo

O

154



*«****************************«************************«*******************************¥*««*************
(doas 1) swty doas syl o3 T[enbs 10 ueyl 1970910 ST SWIl ‘Uni JOo pusj 00€ ©3 ob (ajwu-bs jwu) It
ATuo sousiazsl 103 ‘swTl weTqoad pPaIRTOUIS| {ewlp y3jwu=2wTt3
pajatdwon sTeazs3ul (20usbIa2aucd) BwWT3 roleW JO ISqWNU SIUSWSIDUT] T+3WuU=3Wwu
(13n0 p3a) oT7TF 3andino o3 sTeubts andano TsasT-waisAs spuaddej Ino pia TIE2

**«****«****x*«*««**«*****««****«********«*««***********«****************************f****«********«**«*

v (2337dwoo sT uoTieTnWIS IT dO3s I0) TYANILNI FONIADIIANOD LXEN Ol AONVAQY ‘dIOYIANOD xx | S0UTIUOD 9

k**«*************«***********«**««***«******«**«********«*******««*«***********«*«****************«#****
utebe SUOCTIBTNWTIS WSISAsSqNs uni 03 dooT uoisinosi syi jo ,dol,, 03 suaniaj 00z ©3 ©ob
souabisauos uou jusisisasd jsutebe uoridsizoad; 00f 03 0H (xewlT-sbH-3TU)IT
SNUTIIUOD L
senTea 3USIIND O3 elep 2DbRIS UOTSINDSI snotaaad s19%; (C*Tygqz=(L*1)dqgz
sautod pus Yyiog s:pnIout;
‘TeaIs]lul S0USDHISAUOD Y2oead UT sjuTod swlil JOo Isqunuj dpu‘t=£( £ op
qutod Is8Jsuell SATSIND®I Je STRUDTS 18TEOS JO I3qUNU; 9‘T=T L Op

****«****«***«*******************«**«**%****************«************¥*********************«**********«
’ .
X r kA v xXENRXRAFE XAy rrryxyxxyxxxxx ADYLS NOISINDTd HONVAAY QADIEANOD ION sxrxxxxxxxxyxxxx | OUUTIUOD G

*************«*******«x****«*********************«********«******«******«************************«*****

pebisauocd 3ou 103 G ‘pabioaucd 10T 9| 1081TPT (G‘9) o031 ©ob

(/'GTZ’/)3ewiocy 009
T1+bETIUCDT=308ITPT

pabisauocdiou |
JT T ‘pebisauod JT (=LeTIuU0dT |
(yoeqpas3) Yoouo dousbissucd welshs sTwrUApoiae | (beTzucot‘dq3y‘qi‘9)ebasalsey T1ED
2NUTIUOD ¢
gejeutpiood Apog ‘snbiojy oTuwrudpoise| (C'c+1)zno= (L ¢c+1) a3
S2]1PUTPIOOD TRTIIBUT ‘20103 DTweuipolae; (C'myTan=(C'T)q3

g’1=0 ¢ op

2
2
ol

@]

o]
o]

e}

ol
o]

155



«***4**«**********«****************i******************«***********«««*************«*f****************««* 0

T T T R I R e Vv WYIO0dd NIVW 40 aNd FHIAX XXX LY F XXX XX ¥F R X v rx X Xxxxnxxry] PUB

*******«***«**««************«***«***&*****************«**************«««********k****«***«**********

do3as

(1deex,=sn3e3s/1=3TUN) B550TD

xjutad

¢ TD®S UunaT’, = swlj-una ‘11X9 TeWwiIoN , P x3utad (T3wu-bs-juwu) 31
|SWI3-uni; TU-zZu=unit

awry dois sutydoew; (gu) 420012 TTED

: “P3Udesa suotieialT, ‘ ,jutad (xewjt-sb-3TU) 371
¢ F0O IBqUINU STgPMOTTe "XPR, ‘ yautad (Xewl T sb-3tuU) JT1

*TeAIS3UL 20UBDIBAUOD |
(IX3U) MBU 28Uy} S$S0I0P BWI3 ISITI =oy3 103 SUCTIRTNUWTS WS3ISASqNs uni;

"TRAIDIUT 20UabISAU0D;
FUSIAND JO (SUOTITPUOD TRUTJ) PUS 8Yj Je poyoesl SUOT3ITPUCD 03 Tenbs|
TBAIDSIUT S0UBDHIBSAUOD IX8U BY3 I0J (S5103S TT® 103) SUOT3ITPUOD TEIITUT S39S;

THACEY . S3IURBWWOD TRIBUSD, IO ¢ WIAWAN HAVYOVIVYd ddS "TeaIsiul sousbisauoon;
+US2I05 2Y3 y3itm psleroosse ssuodssa wslshs syj F0 3utod swI3 TRUTJ BY3} WoII;
TBAISIUT S0ULPIBAUOD JUSIIND BUJ I10J SUOTITPUOD Teuty wsisdsqns s3oeI1%s;

sjutad
SNUTIUOD

00T ©3 ©ob

20UTIUOD
(T)3chA=(1) T€hR
(T)3z8A= (1) TZAA
(1) FTRA= (1) TTAR
9'T=T ¢ Op

SNUTIUO0D
(dpu’t) ¢AA= (1) I¢AA
(dpu ‘1) zAA= (1) 3744
(dpu’t) 1AA=(1) 314K

9‘I=1 8 op

‘s@3els walsAsqns TTe jo ebpsimouy saey o3 paatnba1r jou s1 Tasaal
wa3sks syl 31ey3l o0s (p spow) o487 welsAsgns syl 1e 8UOP Bq PINOM STY3 ‘Butiiss Teasush siow v uj

Teaas3jutr (9ousbisauos) swrl iolew 3xsu o7

(w3J0-puey,) pasooiyg

0o¢

* X ¥

[SENC NG G N ¢)

156



ol
anuT3uoo QI
0
(L'g) TAA= (L g)gnn
(C'2) 18E=(L'Z) zOn
Teubts ndano soOTwWRUAR ITJIO 2Yyj wolj sniped 31440 putioeIixd; (C/1)y T&A=([ ‘1) zan
0
:SOTWeUApP SpniTile 03 SOTWeUAp ATJIO WOILT xxx O
ol
dpu‘1=C 01 ©P
o
**********«*****i***&********«*******************k«*******************k******«*************x%*****%**«** o
P L R R TR N e mUHEMC%U spnitiie o3 WUHEQC%U 31QqI0 uwodyg @CﬂﬁQDOU XXAXXXXX XXX E XXX XXRLXX XX XN o
***********«*****************************&**«*«********«*********«****«*****«*****************«*****«*#% o
0
TeuTy 3‘TeT3TUT 37
~uﬂc\uu5c\ch\moumlu~ucﬂualu\uuogmu\UH
sauTanox A371713n jutod-swuri-oTburs swos 1dsoxe TT1e; sq1e38 3’s91’/T03 37oep ‘dpu/UucTieTnuTs /Uuouuos
ol
ZAK‘znn/zsAsqns /uowuod
TAR‘Tan/ 1sASQNs /UOUWOD
0
(00T ‘9) ZAA* (00T 9) Znn UOTSUSWTP
(00T°9) TAA’ (00T 79) TN UOTSUBWIP
o
(z-0‘y-e)uorstoaid aTgnop JrorTdurt
o

tas1dnod sutinoiqns

XXNXXXXKXXXXXKXXXXXXXXXXXXXXXXxxxxxxxxxxxxxxxxxxxxXxxxxxxxxxxxxxxxXxxxXXXXX%XXXXNXKxxxxxxxxxKxxxxxxxxxxxxxx
XxxxxxxxxxxxxxxxxxxxxxxxXXMXXXXXXxxxxxxxxxxxxxxxxxXxxxxxxxxXXXXXXXXXKKXXXXXXxxxxxxxxXxxxxxxxxxxxxxxxxxxxxxx
xxxXNXXXXXXXXNXXXXXXXXXXXXXXXXxxxxxxxxxxxxxxxxxXXXXXXXXXXXXNXXXXXKXKxxxxxxxxxxxxxxxXxxxxxxxxxxxxxxxxxxxxxxx
XxxxxxxxxxxxXXXXxxXxxxxxxxxxxxxxxxxxxxxxxxNxxxxxxxxxKKKKXXNXKNXKKXxXXXXXXXXNXXXKXXXXXkXXXXXXxxxxxxxxxxxxxxx
XKNNKXXxXXXXNNXXMXX%XNXKxKxXXxxXXXXXXXXXNxXxxxxxxxxxxxxxxxxxxxxxxxXxxxxxxxxxxxxxx%xXXXXXXXXXXXXXNXXXXXXXXXX
XXNXXKxxxXXXXXXXXKXXXXXﬁXXXXXXXXXXXXXXXXXXNxxxxxxxxxxxxxxxxxxxxxxXXXXXxXXXXxxxxxxxxxxxxxxxxxxxxxXxxxxxxxxxx

157



dpu’t={ Q1 op

)
*****«i****k*****«**«********«*******************************************«*#*«************************** o
rrRE¥xx s xxxxxxxxxxxyrxrx SOTWEUADOISE 07 sOolweudAp spniTije pue 3tqio woxaz butrdnon AREAF XX XXX AR ¥R x gy O
*****************************«**«**************k********«***************««*k*******«*******««*&**k*****t o]
o

A& cnn/¢shsqns / uouoo

ZAA‘znny/zsAsqns yuowwon

H>>\H:s\ﬁm>mnzm\coﬁeou
o)

TBUTF 3‘TETITUT 37
~uﬂc\uusc.ch\Qoumlu~u:HuQIu~uuogwuluH

S2UT3IN0I A31T7Tan Jutod-swil-o1buts awos 3dsoxs TI%9; ~uumuwfu~w®u\Hou\uamb~mbc\coﬂumH:EHm\coEEoo
o]

(C’1)3ewe 3o ssodsuexy; (€€} 3ewe uOTSUSWIP

Apoq 03 TeT3IIBUT ‘(*w-D-p) XTIJBW BUTSOD UOIIDDITIP; (€¢)3ewe uoTsuswip

@ousnbas 1-z-¢ ‘sweinjg Apogq 03 Bwexy TBTII2UT ‘serbue za(nyg; (¢£) Tyd uotsusutp

Se3eurpiood Apoq ‘sio3dea AjTtooTea pue snIpel 3TqIo; (£)d 19a‘(g)q pex uoTsuswIp

S83RPUTPIOOD TBIJISUT ‘SI101034 A311007T9A pue SUTPeI 3TJI0| (€)1°a’ (¢)pex uoTsuswIp
o)

(00T°9)€AA“ (00T “9) ¢nn uoTsusutp

(00T79)2&A 7 (00T ‘9) znn uoTsuaWTP

(00T°9) TAA ‘(00T “9) INN UOTSUBWTP
o

(z-0'y-e)uorstosad srgnop JtotrTdwr
o)

z1917dnod surjnoaqns

XKxXKXXXKXKXXXKWXXXXXNXNxXNXXKXXXXxxNXXXKXXxxKXKXXXKKKXXXXKXXXXXXxXXXXXxNxXXXKXKXxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxXXNxXXXXXXXXxXxXxNXXXxXXXXXxNxXXxxXXKXXXxxxxXXXXxxNNxXXXXKXxxxxXxxxxxxxxxxxxxxxxxxxxx
XxxxxXxxKXXNXNXxxxxxxXKxXXXXNXXxxxxxXXxxXXXXxxKXXXXXxxxxxxxxXXXXxxXXXXXxxxxXxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
XxxxXxxxxxxxxXxxxXXXXxxxxxxxxxxxxxxxxxxxxxxxxXxxxxxxxxxxxxxxxxxxxxXXXXxxXxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

pus
uInlaa

158



HO P P PO PO PP P OO P OOV 0.0.0.0.0:0.0.0.0:0.0.0:0.09:0:0:0.000000.00:00600000 0000000 0000000000800 0000000000080 00088 880,089,094

}$:00°0/6'0'0'0 0 0 0 S O P PO PSP OSSO0 C0 0000000000 e 0000000 0000000000 eoeeettdstdtdtdtted et ddstddeddttes s st ddededod

pus
uInisl

SNUTIUOD

(€)q Ten=(L g)¢nn
(z)a 1ea=(L’g)¢cnn
$931PUIPICOD APOQ UT 103094 A3100T9A ITJIO ST Teubls Yoeqpasalj (1)gq 12a=(L’'p)can

$BIPUTPIOOD APOg 071 10109A A3TOOT®A 1ITQLO sSwiojsuedd; (J 124 ‘Taa‘lewe)dsalew [1e0

(L19) TAA=(¢) TOn
(L'g) TAA=(2Z) 13a
ATuo A3TTTgepea1 HUTISTT 103 pasn ST (T) 24 STJRTIRA| (Lp) TAA=(T) Ton

(£)q pex=(L’g)enn
(z)a pea=(L‘z)gnn
$B1PUTPIOOD APOQ UT I0302A SNIPpRI1 3TJI0 ST TeubTs yorgpss]; (T)q pea=(L1)¢cnn

S81PUTPIOOD Apoq 03 101094 SOIPBRI 3TGA0 SWICISUBIY| (g PRI ‘pel‘jewe)osasjew TTED
SOTWeUApOIde 03 SOTWRUAD 3TQIO WOIJ

$91PUTIPIOOD [PIIIBUI 07 ApPOQ WOII $IOIDS8A SWIOISURIF 1BYL w D p sojndwod| (3 jewe’lewe)cuell [[eo
$31PUTPIOOD ApOog O3 TeT3I8UT WOII SI03098A SWIOISURI eyl w-o-p s=30duod; (1ewe‘Tyd) Tzewop TTED

(C’¢)zAA=(g) tyd

(C'z2) zAR=(7) Tud
Teubts 3ndino 7 wsisAsqns woijl saT7bue (IsTng) SPN3IT33Ie BUTIORIZIXD; (C/1)zAA=(T1) Tyd

(Lg) TAA=(g) pex
(L'z) 1hA=(Z)pea
andano 1 welsdAsgns woIy snIpeI ITIo DUTIDPIIXS| (L1) TAA=(T)pea

0T

X ¥ ¥

&)

159



o)

e i e 3 VU VPOV OV
¥xxxxxxxxx¥xxexxxxyxxx SOTWPUAD 3pni1Tlje pue AITAIO 03 sOTWeuApoIrae woxl butrdno) FEXE XX XXX AR NENXX XX o p D

*****«*********«k*«*********«***k*****«****«**r****«*****«*************x«******************************* 0

o)
¢hAenn/gcsAsqns /uouwoDd
ZAA'znn/zsAsqns Juowon
TAR‘Inn/1sAsgns /uowuoo
0
F 397dnos ‘z-zgns ‘Ic8pN3ITIIE ‘ICIQNS ‘I 3TQAO; WOI4AUT TOWX ‘TOWX ‘SSBUX/SSBUl/UCUWOD
o)
Teut3y 3‘TeT3TUT 37
‘3Tu’ajuu ‘quu‘dols 3‘3utad 3310da1 3T
ssuTjinoa A317113n jurod-swrl-srburs swos jdeoxs TT®i \uumumtu~mwu\Hou\uawb~Quc\coﬁumazeﬂm\:oEEou
o
S23PUTPIOCOD OTI3BWOSH ‘UOTIRPIOT SSPW JO I23USD;| (£)wdX uoTsSuUBWTIP
XTI3PW PTRISUT SSIDAUT ‘XTIJPUW BTIISUT; Am~mv>CHlﬂoEx~Am~mvHoex UoTSuUswip
(C’1t)3ewe Jo asodsueal; (£‘c)3 3eue UOTSUBUWIP
Apog 03 TeT3IL8UT ‘(*w o-p) XTIJBW SUTS0D UOTIDBITIP; (£ '¢)lewe uoTSUSBWIP
oousnbes 1-z-¢ ‘swexy Apog 03 sweaj TeTiIaur ‘sorbue Ia1nd; (¢) Tyd uotsuawIp
("w'o 01 urbrao orajzswosb woiy) =1dnoo I1sIsSuepIy 90103 otweudpoiae; (£)3IxIT UOTSUBWIP
dwely Otajswoeb ‘snbiocl pue 80103 otweudpoise; (g)b6 oxse 3 ‘()b oise g UOTSUSWTD
sweij Apoq ‘snb1o3 pue 20103 oTweukpoase; (g)q oxse 3 ‘(g)q oise ] UOTSUSUTP
§93eUTpIO0D TeTj3Iaul ‘(beip) 90103 OTWRPUAPOISR; (g)ox2® I UuOTSUBWTP
ol
(00T “9) €AL“ (00T “9) £nn uOTSUBWLP
(00T “9) 2AA* (00T “9) Znn uotsuswIp
(00T“9) TAA/ (00T “9) T UOTSUBWTP
o)
(z-o'y-ejuorstoaad a1qnop 3torTdur
o

¢xa1dnoo sutanoaqns

XXXXXKXXNVAXXXXKXXXNXXXXNVAxNKXXNXXxxxXXXXXXXXXXNxXVAxxNKXXXNXXXXXXXvANNxKXXXXXXXXVNXxxXX.XXXXXXXXXXXXVAKvaXXXXXNX
vaxxxxxxxxxxxXXXXV\HXNXKXXNXXXXMVAXKvaXvaXXKvaXXXXNNXXMXNvanXXNXXNNNXxvmxxxvmvmvnxXxxxXXXXXXXXXKXXXNXXXXXvnKXXXXXKNX
Kvnvmv”vnxvmxxxxxK%XNvﬂXNKXXNXXKNXXX“&KKKNNKKNXXXNNN.XXNXKKvmvmxvmxNv\.XvmvmMvﬁ&.xXKvmvﬂxwixvm.\nvmvmxvavnKKXXXXKXN.XvaXXNXXXNNXXVAXKX
xxxXXXXNXXXKVAXXU&XXXxxxxXXNXXNXXXXvnKXNKXXXXXXvaXXXXXXNXXXXxxxxxNNxXXNNVAKXXxxvavmvmvmvnxXXXXXXXNXXXXKxxXXXXXXXXXX

160



ue Hurppe pue -w'o 03 90103 Heap Hbutiisjzsuell |

‘w'o 3noge 80103 beap jo onbrol |

sweil Apoq OTIjoWoSbH JO UTHTIO e 20103 UiTm anb1o3l oTweuApoIdE;|
JusIsJilp aq Aew (uotidoe JO saqutod) suoTieisadiaijut 1eo1siyd;
Iteyl ang ‘TeOTIuUSpUT ATTEOTISUNU 81 (1)q oxee J pue (1)b oise Ij

-owei] Apoq O1i3dwosb JO uTbHTIC e S3DP 8DI0F (beIp) DTWRUAPOISE;

:soTweudp spniTile

paTITIUSPT 384 Pbutyiou ‘sSIdPIOY IOTS|

(- o) SSPw JO I23USD HITTISILS ©UI ¥ 30 03 psuunsse st pue|
/5373eUTPI00D [eT3XsUT Ul (HBPIP) 80103 DTWRUAPOISE ST Teubt1s YDOEqPSIF|

(T)3x1+ (1) B 0I9€ 1=(1)q 0OI8® 3

(Ix1‘H 0128 F‘WOI)SSOIDA T[ED

(C’9)ghh=(g)H ocase 1
(C'g)ghh=(7) D ocase 7
(C'p)ghRA=(1)H oxse 7

(Cigychh=(g)b oxme 3
(('z)chh=(2) B ox9® 3
(C/1)eh&=(1)B ox2® I

031 sotweuApoise uwoIj

0a0-0=(L’g) TN
0a0°0= (L) Inn

(g)oxee 3=(L’g)1nn
(z)ozee 3=(L‘7)1nn
(T)oxse 3F=(L'1)InN

S231PUTPIOOD TRT3II8UT 03 Apog WOl 103294 S2I0J SWIOFSURIT (oxzoe J'q oxee 3’3 dewe)ldsalew [TED

§53BUTPIOOD TET3IBUT 01 APOq WOIF S$I0309A SWIOISURIY JPYJ W O°P sozndwod; (3 Jewe‘jewe)¢ueal TTeED

$23RUTPIOOD Apog 03 [EBTIISUT WOIF SI01D8A SWIOISURI] JBUZ W'O'P so3ndwod |

Teubts 3Ind3ano ws3sAs syl woig soThue (18TnF) opnirTiie DUTIDEIIXI|
osodind sTylz I03 -w'D> 3B 10B O3 PIUUNSSE 9 UED 0]
‘swe1y Apoq oTijswosb Jo ulbtio e 10E 03 pa3ndwod |

Teubts 3ndino welisds woIy 82103 (Peip) oHTweuApoise DUTIDRIFXRD|

:sOTWRUAP 31qI0

(3ewe ‘Tyd) TZEWOp T1E2
(C'¢) zA&=(g) tud
(C'Z) zh&=(2) Tud
(Cf1)yzAA= (1) Tud
Ah~mvm>>nAmVQHOumme
(['2)gh&=(z)q oxse 3
(C'1)chA=(T)g oa3® 3

073 SOTWRUAPOISE WOIJZ

dpu‘t=_C 01 op

X ¥ ¥

X X %

O

&}

161



dpu’1=C 61 op
Yo9Yyo sousbisauod Teubts 1eTRDS 103 SIUBWSTS 10108A SpPEOT| WIpU’‘7=1 Qg Cp

wP®bIsAUCD, 03 beT] TonoT-wa3shs $9zZTTRTITUT; o=berzyuoot

***********«******««*************f***«*********«*««*****«*****************k***«**««****%******«*******
****+****«**«*««*««*******************«****« QOOH Ao8yd CH@@D XXX F XXX RN AN F XXX XXX RAN NN KN NN N

*«************«**********«************************************«*«*«*****«******««********««******«****

[SENC RN ORN O N ¢]

Hmcﬁwlu~Hmﬂuﬂcﬂlu~uﬂc\quc\ch\QoumluH
.p:HuQIu\uuoawulu\uumumlu\mwu\HOu\UHQU~an\c0ﬂumH5EHm\c0EEou

(00T)PTOA’ (00T) MUl uoTsSUBWTD
(00T “9)deA& (00T *9) £AA uoTsuswTp

(z-o’y-e)uorstosid srqnop JrotTdut

AOBYD 20USHISAUOD [OAST-WSISAS; AmmHMEOUH~Qm>>~m>>\EHUcvw@um>ummw autjinoaqns

XXNXXXXXXKXXXNxxxxxxXXXXXXXxxxxxxxxxxXxxxxXxxxxxxxxXXXXxxxxNxxxxxxxxxxxxxxxxxxxxxXXxxxxxxxxxxxxxxxxxxxxxxxx
XXXKXXXXXXXxxxxxxxNxxxxxxxxxxxxxxxxxxxxxxxXxxNXXXXKXKxXxxxxxxxxxxxxxxxXXXXXXXXXXXXKXXXXxxxxxxxxxxxxxxxxxxxx
XXXXxxxXXXxxxxNXXXXXXXXXxxxxxxxxxxxxxXxxxxxxxxxxxxxKXXXXXXXXXXXXXXKxxxxxxXNxXXXXXxxxxxxxxxxxxxxxxxxxxxxXxxx
XxxxxxxxXXXXXXXXXXXxxxxxxxxxxxxxxxxxxXxxxxxxxxXxxxXxxxxxxxxxxxxXXXXXXXXKxxxxxxxxxxxxxxxxxxxxxxxxxxxxxXxxxxx
XXXXxxxxxxxxxxxxxxxxxxxXXXXXXNXXXXNXNXXxxxxxxxxxxxxxxxxxxxxxxXXXXXXxxxxxxxxxxxxxxxxxxxxxxxXxxxxxxxxxxxxxxxx
XxxxxxxxxxxXXXXXXKXXXXxxxxxxxxxxXxxxxxxxxxxxxxxxxxxNXXXXXXXXKXNxXKxxxxxxXxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

pus
uinijsa
2
SNUTIUOD (T
2
(£)q oxse 3=([‘g)znn
(z)q oxse 3—(L‘g)znn
(1)g oxse 1= ([‘p) znn
o]

(£)3Fxa+(g)H o1oe 3=(g)q oxee 3
.wﬂasouucmﬁm>ﬂwwm Amvwxu+AmvmlouwmiunAvaloummiu

162



Amlo\QIMVCOHmﬂuqu sTqnop 3totrTdurt

100 pIx autinoIqns
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxmxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

XNNXNNXNKNXXXxxxxxxxxxxxxxxxxxxxXxxxxxxxxxxxxXXXXXXXNXXXXXXXXXXXXXXxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
XXXXXNXXXxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxm%xxxxxxxxxxxxXxxxxxxxxxXxxxxxxxxxxxxxxxxxxxxxxxXxxxxxxxxxxxxxxxx

pus

uini=aa

***************«x**«**********«******************«***«**********************«***«**************%****** o
I S T R R R AOOT HMOOUD PUS xx s ¥¥x ¥ XX FX XXX XXX XXX XXX XXX XXX XA XXX XXX XXX O
*************************««***********%*********«******«***************%*********%************«******* o
peTzuocoT 103 [ 10 ( SUINISI JUTINOIL] 1=Bberzuodt (g 3b-BeTIucOT)IT
SNUTIUOD (Z
sousbhisauon TaaaT-walsks Jo sniels $930dWOD | beTIT+bRTIUCDOT=DRTIUCDT
*30UBDIDAUOD-UOU I0] T=beTIT | (be11t*se1’/103dpu’/pioA ‘maul) braucd TTeED

SNUTIUOD 6T

(L/1)ydghA=([)pTOA
(C/1) gAA= (L) maul

163



dpu‘r=( y op
€1=1 p op

SNUTIUOD

(C/1) eAR=(Lz1+1) 22
(C'T)ZRA=(L'9+1) 22
(C'T) TAR=(["'T) 2z

dpu‘t=[ ¢ op

9‘1=T ¢ op

jndino snbioj oxse 103 ‘'0002/12/6 poappe;
7 as1dnod ‘3-zgns ‘I*epnitile ‘I r1gns ‘I°319q30; Euu~>c@|ﬂoEx~H0Ex~mmmEx\mme\coEEou
3 zZans ‘3-spnjtaje ‘Tans ‘3+11qIo ‘JreaTsInDaI; uv>o~HQ~mE@\:uuwmu\mu:mumCOU\coEEoo

Tears3ut jutad ‘Teazsjur 3zodex suop Jjuadxad; aouQ~ucﬁthHwU~uuoamulawv\mcoﬂumHDEﬂm\GOEEoo

TRUTI 3‘TRTITUT 37
.Uﬂ:\qu:\ch~Qouwlu\ucﬂquu\uuoawutuH
S UT3INOI A3TTT1aN jutod-swtjl-aTbuts swos 31dooxs 11%] \uumumlu\mwu‘Housuawb\gbc\:oﬂumﬂzEﬂm\COEEoo

cAA‘¢cnn/gsAsqns /uocumoD
ZAR'znn/zsAsgns /uounioo

TAR‘Tany 1sAsqns /uouoos

indino 103 ssnyea FTWIT 031 8I8Yy pepasu "(0(Q/z/01 poppe ‘sarbue Is1nd (¢)1yd uotsuawIp

10308A UCTIARDOT "W 2 ‘w:*d jnoge ‘pT3asul Jo S3uswour; Amonu~Am\mv>cﬂlﬂoEx\Am~mvﬂoEx UoTsSuUBwWIp
andano enbioj oise I01 '000Z/12/6 poppe; (g)oase 3 ‘(g)oxoe 3 ‘(€lwdox uotrsuswIp

9PN31T3Te utelqo 031 eiep 3Tqio bursssooxd I07; (¢)u pex’(g)pex UoTSU2WIp

ToA8T waisAs 3e Aexae 3ndano aTbuts; (001 '8T1)2z uoTsUBWTID

(00T79)€AA/ (00T “9) £nn uoTSUBWTE
(00T “9)2AA/ (00T *9) znn UOTSUSWTIP
(00T79) TAA“ (00T ’9) TN uUOTSUBWTD

164



q110ds1 1op+arodss 3=3aodsa 1 (310da1 3-ebawrl) JT

pdt
4, = a23aTdwed 3u2013d, ‘ x3utad (1a10dex 3'ob-autl) It
(0° 00T+ (d0as 3/2wra)) 3ur=pdt (370dax 3 8b-swtl) 3T

qutad tep+iutad 3=3utad 3 (Jutrad 3-eb-ouwtd)IT
Jru‘aTe’ (g1 T=C/(T/0)zz) ‘owta (00T‘T)@3tam (Jurad 3-sb-swtl)It

sI971eWOTTY ‘SPN3TATE| UYiIeaI-0do 000T/Pewi=3iTe
(HPewI ‘U peI’‘peRI)WwIoudSA TTED

2NUT3IUO0D
(1) TAA= () pea
opn3TATE I03 eIRp 31gI0 Hurlssadoad 3sod; €/1= T OP
dooT @3tam 13sITy utbaq j T-dpu’1=1 000T ©p
Teaxsijut sdousbisauod Jo jurod 3sITI 031 SWTLI putTzTIETITUT; T2WTI=2WTI
(sz1sde3s ucTleibalul OSTE) sjutod elPp US9M1IBQ 2WTI=1T3P|
squtod pus yioq butpniour ‘reaisiutr zoleu 1ad sajutod eaep Jo aaqunu=dpu;
o1eT7dwod STeAIS3UT (Sdusbisaucd) auwljl xolew JO ISqUOU=3WU; 319P x (T-dpu) »xJWU=T3WTI
SNUTIUOD

(¢)oase 3=(L’8T) 22

(zyoxse 3=(L’L1)22

(T)oxoe 23=(L’9T)z2Z

(0x9e 1‘0x3® J‘WDI)SsS0I0A TTED

(C‘gT)zz=(g)0x2e 3

(L'pT)zz=(z) 010 J

andano 103 uoreizndwod snbiol Toxse 103 0007/1Z/6 PSPPFI (C/c1)zz=(T)0ase 3
dpu‘1=[L g op

SNUTIUOD

1pad/ (Lig+1) zhA= (L 6+1) 22

(00/2/01) aTbue pPoOITWIT | apad/ (1) tyd=(L‘9+T) 22
(tyd‘jewe) [ggbuezwop TTED

(3pwe ‘tyd) TZEwop TTED

(00/2/0T) =Tbue psjtuwtiun j (C‘g+1)zz= (1) TUd

165



pus
uinjsa

SNUTIUOD
1Tep+aWTI=duT]
(ST’0T°0z402) 3PwIog

0001

00T

166



B.3 FORTRAN Listings, Including Main Program and All Subroutines Not Previously
Listed in A.1, Unified Approach, Runge-Kutta Method (RK-U)
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